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2.9 Peryaspau m3pasu. Teopema na Kimam

B nmpenumenTe naparpa¢u yCTaHOBAXMe, Ue MHOKECTBOTO HA
aBTOMATHUTE €3UNU € 32TBOPEHO OTHOCHO omepamuure obequHEHUE,
cedyeHUe, NONbJIHEHUE, IPOU3BENEHNE, UTEPANUA U Pa3jauKa. 10o3u
¢aKT HU HaBeXKAa HA aHAJOTUA C ajJIreOpuUUHUTE U3pa3u B anarebpa-
Ta, Thil KATO CyMaTa, IPOU3BENEHUETO U PA3IUKATA HA AJredpudHu
u3pas3u, OTHOBO e ajreOpuueH m3pa3. Ta3zm aHAIOrUsa MO eCTECTBEH
HAYWH U3BEXKIA HEOOXOAMMOCT OT Pa3riekIaHe HA U3PA3U OT AyMU
Ha maneHa a3byKa, KOMTO MPUTEKABAT CBOWCTBA HOMOOHW HA aJ-
rebpuunure nspa3u. Taka mocTurame O MOHATUETO 33 PEryIAPHU
uspasu. lla 3abemexum, ye anredpuYHNTE U3PA3U BUHATHU CE€ CBHP-
3BaT C HAKAKBO 0a30BO YMCIOBO MHOKECTBO, B KOETO ca neduHupa-
HU U CBIIO TAaKa BCEKU M3Pa3 MPEACTABSA HAKAKBO IIOAMHOKECTBO HA
6aszoBoTO MHOXkecTBO. Hampumep, ako pasrienamve ajrebpuvHUA
u3pa3 2+ 2 HAL MHOMKECTBOTO HA IEJIUTE YUCIA, TO TOW mPeICTaB
MHOK€CTBOTO

{2,3,6,11,18, ...},

KOETO € MHOKECTBOTO OT CTOWHOCTH HA TO3u u3pa3. Kakrto mpu
aJreOpuYHNTE U3PA3MW, TAKA W OPU PEryJAPHUTE U3PA3U, CE€ Pa3-
rie:xma 0a30BO0 MHOMKECTBO, KOETO CbBIAAa C MHOKECTBOTO V* oT
BCUYKM HyMu Ham naneHa a30Oyka V. Cboo Taka BCEKU peryiispeH
n3pa3 OpencTaBa HAKOe moaMHO:kecTBo Ha V*. Cuem tesu Geiesxku
OTpEIeJIEHNETO HA PEryJIIPHU U3PA3U € HAN'LIHO eCTeCTBEHO.

Onpenenernne 2.9.1 1. Peeyaspruam uspaz ) csomeemcemeysa wa
mroxacecmaomo ().

2. Pezyagpruam uzpas € npedcmasd muoxcecmeomo {€}.

3. Pezyasaprusm uspas wi + wa + ... + wy, npedcmass kpainomo
MHOACECTNEO

{UJI,UJQ, ...,wn} cV™.

4. Axo z1 u 29 ca Pe2YATPHU U3PG3U, NPEOCTNABTULY MHOHCECTT-
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eama L1 u Lo, mo:
(i) uspassm z1 + zo npedcmass mroxcecmeomo Ly U Lo
(i%) wapassm zyze npedcmass mruoxcecmeomo LiLo;
(#9i) uspassm z¥ npedcmass mnoxcecmeomo L¥, (k > 0);
(tv) uspassm zi npedcmass mroxcecmseomo L.
5. PeeyaapHu ca camo uspasume, onucanu 8 mouku 1, 2, 3 u 4.

IIpumep 2.9.1 Perynsaprure uspasu (a+b)*ba(ba)* u (a+ba*b)*+b

Han azbykara V = {a,b} upencrasar MmHO:KECTBaTA

{a,b}* {ba}{ba}* = {a,b}* {ba}* m ({a} U ({bHa}*{b})* U {B}.
OOGUKHOBEHO O 3aIalleH PEryJAPEH M3pa3 JECHO Ce MOCTPO-

asa HKA, kouTo pasmosHaBa e3mKa, NPEINCTABEH OT TO3W M3pas.

Hanpumep 3a esmka, npeancrasen ot uszpa3sbT (a + b)*ba(ba)* cbor-

Berauar HKA e mpencrasen rpadpuuno ma dur. 2.9.1

AGb T
NS
90 b I

b
$ur. 2.9.1

CaolicTBaTa Ha PEryaapHUTE U3PA3U CIEIBAT HEMOCPEICTBE-
HO OT CBOMCTBATa HA ONEPANUUTE C MHOKECTBATA, KOETO Ce BILKIA
OT OIpeNeJIeHMeTO Ha pPeryJdapHUu uspasu. Jla mocouymMm HAKOU OT
O-Ba;KHUTE CBOWCTBA HA PETYJIAPHUTE U3PA3U.

Axo Q, R, S ca perynspau u3pasu Ham azdbykara V To:
Q+Q=Q+0=0Q
Q+R=R+Q
(RQ+R)+S=Q+(R+9)
(QR)S = Q(RS)
Qe=eQ=Q+e=c+Q=Q
QY =0Q =10
(R+S5)Q = RQ + SQ
QR+ S)=QR+QS
Q) =@

© 00 O O i W N~
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10. QQ*=Q'Q=Q"

11. e* =¢,0* =¢

12. Q*=e+Q+Q*+ ... +QFQ*, k > 1,

13. (Q"+R")" = (Q"R")" = (Q"R)"Q" = (@ + R)"

14. Ako Q = R*S, o Q = RQ + S.

[ITe mokaskem mocsemHOTO CBOWCTBO 14, upe3 caenauTe paBeH-
CTBa, B KOUTO Ca W3MOOJ3YBAaHW cBolicrBara 2, 12, 5, 7.

Q=R'S=(RR"4+¢)S=RR*'S+S=RQ+ S

Kato B3emem mpensun, ue (), {¢} u {a}, 3a Bcaka a € V ca aB-
TOMATHU €3UNU CJIEIBA, Y& BCEKU peryisapen udpas R man V*, npen-
CTaBA MHOKECTBO L, HOJNy4EHO C omepamuuTe OO0eIUMHEHWE, IPOM3-
BCOCHUEC WM UTEPAOUA HA TE3UW €3UIU 1 CJIeqOBaTEJIHO L € aBTOMATEH
esuk. Ot HauMHA, TO KOUTO HEePUHUPAXME DPErYIAPHUTE HU3DA3U
cllenBa, Y€ BCEKU PeryJiapeH m3pas Han V™ ompemess e€IHO3HAYHO
ABTOMATEH €3WK, IPEACTABEH OT TO3W M3Pa3.

He mo-manko mHTEpEceH € W BLIPOCHLT 33 TOBA IAJIHA BCEKN
aBTOMATeH €3uK L ce memcTaBs C HAKOW peryispeH m3pa3d. Slcuo
e, 4e aKO OTTOBOPBLT € yTBLPAUTENEH, TO ChbOTBETHUAT PEryJapeH
u3pa3 He e emuHCTBeH. Hanpumep uspaswre (a* + b*)* m (a*b*)*
OpEeACaaBAT eqUH U Cbiu e3uk {a,b}*. Cuensamara Teopema masa
OTrOBOP Ha IOCTAaBEHUA IIO-TOPE BBLIPOC U € u3BecTHa KaTo Teope-
Ma Ha Kimau. BaxmocTTa i ce CLCTOM B TOBA, Ue 4Upe3 HEd MOKEM
ma pasriekgaMe aBTOMATHUTE €3UOM KaTO PEeryJAPHU M3Pa3u HaIl
naneHa a3dyka.

Teopema 2.9.1 (Kimuu) Beexu asmomamen esux nad dadena asbyra
V' ce npedcmass ¢ pezyadpen uszpas wad V*.

Jloka3zaremcTBo: Heka L e npousBosier aBToMaTeH e3uk u A =
(K,V,d,q0, F) e IKA, roiito pasmosnasa esuka L, r.e. L = L(A).
Ia npemnosxum, ue K = {qo,q1,--,qn} v F = {qt,,q5,--,q,, }. To-

m

raBa L = ULi’ kbaero L; = L(A;) u A, = (K,V,4,q0,{q,}) 3a
=1

i=1,2..,m.
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[Tomeske ma omepanuaTa oOeIMHECHNE HA €3UNM, CLOTBETCTBYBA
omepanuaTa chLOupane (+) HA PEryaApHM W3Pa3wW, TO AOCTATHLUHO
€ Ia IOKaKeM, 4e BCEKM OT e3unuTe L; ce IMpemcTaBA C pPeryiapeH
uspa3 mam V*. Bes orpammuenwe ma obmmoCTTa (THU KaTO BUHA-
U MOKEM I3 OpeHyMepupaMe CbCTOSHUATA B K) ma mOKaskeM, 4e
asromarsT A, = (K,V,0,q,{q,}) pasnosnasa esux, xoiito ce npen-
CTaBA C PEryiApeH u3pas.

Ila o3HaUUM C Lﬁj 3. 0<i1<j<mn,0<I]<n e3nukbT, KOKTO
ce CbTOM OT NyMWTE w TakKuWBa, 4e 0(¢;,w) = ¢; U 33 BCEKM cOOCTBEH
npedukc y Ha w e B cuia 6(g;,y) € {gp|lp <1}. C mpyru nymum w € Léj,
aKO w HpUBEXIa aBToMaTa A, OT CLCTOMHME ¢; B CHLCTOAHUE ¢ YPE3
O'bT, KOMTO HE CbAbP:KA BBLTPEUIHO CHCTOAHUE (), YXHATO UHIEKC P
mansumasa [. [lle mokaskem ¢ mEayKouA mo [, ue Lﬁ-- € e3UK, KOUTO
ce ImpeACTaBsA C peryispeH mspa3 u nonexe L(A,) = L, or Tosa
clIenBa, BEPHOCTTA HA TEOPEMATA.

OueBunHO, aKO 7 # j, TO L?j ce mpenCcTaBsi OT PEryJiapHUsI
uspas ai + ag + ... + a,, KbIETO a1,a02,...,4, Ca OykBU OoT V, KOUTO
ca Terya Ha pebparta, CBLP3Bamu ¢; € ¢;. AKO TakuBa pebpa HAMA,
TO HA L?j oTroBapsa u3pas3bT ). Ako i = j, TO Ha L?j CHOTBETCTBY-
Ba U3pa3bT € + a1 +az + ... +as, KATO TYK a1,d2,...,45; Ca TErja Ha
pebpara, cBbp3Bamu ¢; che cebe cu. OUeBUIHOTO PaBEHCTBO

Liy = Ly '+ Ly 'Ly ) Ly, !
¥ OPUHOAOLT HA MATEMATHUECKATA MHIAYKOWA MOKA3BAT, 4e Léj ce
npencTaBs ¢ perynaspen u3pas mam V* 3a scako [ = 0,1,...,n. Cue-
nosarenno L(Ay,) u L(A) ca e3unu, kouTo MOrar ma 0bAAT OpEIC-
TaBEHW OT PEeTYJIAPHU W3Pa3u. O

3amaumn
1. Ila ce oupenenu /ITKA, kouTo pasmo3HaBa €3WKa, IPEICTABEH OT
CIIEMHUTE PEryJIsIpDHU U3Pa3uU:
a) a(ba+b)*4+a; ©6) (ab+a*)*ba; B) ((b*a)*)a* + b*.
2. IHa ce moraxe, ue ako Ry, Ro,...,R, ca peryiadapHZI HU3pa3u U
f(R1,Rs, ..., R,) e monmmaOM, TO:
a)f(Ri,Rg,....; Rp)+ (Ri+Ro+...+Ry)* = (Ri+Re+... + R,)™;



Peeyaapru uzpasu. Teopema wa Kaunuy 119

0)f(Ry, RS, ... Rpx)* = (R1 + Ro + ... + Ry,)™.
3. Ila ce mamepu perynspen m3pa3, KoiTo npeancrass e3aukbt L(A),
kpaero A e JIKA samamen, upes ciaenaus rpad:

\ /

AR

- —

\A

4. IHa ce moctpou mumamMmasied KA, koiito pasmo3maBa e3uka,
IpeNCcTaBeH C PeryJapHUA U3pas:

a) (ab)* + a(ba + a)*;

6) (a+b)*ca*

B) (01)* 4+ (14 01*)0%;
5. Ila ce mokake, 4e CJIEIHUAT €3UK € ABTOMATEH :

L ={we{0,1}* | w e nBOMYHOTO mpeNCTABAHE HA YUCIATA

or Buma n=2"(2¥ —1)+1, m +k — uerno}.

YusrBane: [okaxkere, ue L = Li1,Lg.1|J LicLool , ¥baeTo
Li, = {1* | k — meuerno},
Lie = {1¥ | k — uerno},
Lo, = {0F | k — meuerno} wm
Loe = {0 | k — gerno}.
6*. Ila ce mokaske, 4e CJENHUAT €3UK HE € aBTOMATEH:
Q ={we€ {0,1}* | w e qBOMUHOTO HmpenCTABIHE HA
n?, n — eCTeCTBEHO UMCIIO}.

YaosTrBaue: Pasronenalite e3uka
M ={w € {0,1}* | w e IBOMYHOTO mpenCTABAHE HA YUCIATA



120

or Buma (28t! —1)2, k — ecrecrBeno umcio}.
Momesxe (2641 —1)2 = (28 — 1)2%+2 + 1 caensa, ue M C L, kbmeto L
e e3MK'bT OT DpemumuaTa 3anada. loxkaxere, ye 1M =T1, xbnrero
T = {1"0" | n > 1}. Tbit kato 1M He e aBTamaTeH e3uk (3amo?)
caensa, ue M cobuo He e aBromaren. Jlokaxere, ye M = L[ Q.



