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2.2 IIpoGiembT 3a OE3KBAOPATHUTE U OE€3KyOHUTE OyMMU

Emra or mbpBuTe 3amaum B TeOpUATa HA (POPMAIHATE €3UNU
e mocraseHa ot Akces Tye B HAUAJIOTO HA HANIUSA BEK U € U3BECTHA
KaTo npobaem 36 Oesxsadpammuume u besxybrume 0ymu.

Bceska Geskpatina penuna or 6ykBu Ha a3zbykara V me Hapu-
uame cepsroyma mam V.

[Ile ka3Bame, ue qymara (MM CBpbXAyMaTta) « e beskeadpam-
MG, aKO Td HAMA HOIIyMa OT BHUA3 Z2, KBLAETO T € AyMa Ham V,
pasauyHa OT €. AHANIOTUYHO «, € Oe3kybHa, aKO HAMA MOILIAYMa OT
BUIA T, KLACTO I € Hempa3Ha ayMa Hazx V.

Ilymata (uau cBpBbXAyMaTa) ( e HAPUYAMe CUano Oeskyona,
aKo He CLIbLP KA MOAIyMa OT BUAA 2a 3a HAKOe £ € V* U a e mbpBa-
ta OykBa Ha . OueBumHO Ge3KBaApATHUTE NyMU (UJIU CBPBXILYMH)
ca cuyHO Oe3kyOHU U cuiHO Oe3kyOHuUTEe ca Oe3KyOHM ayMuH.

[IpobnemsbT HA Tye ce cbecToM B mocTposBane HA Oe3KBaIpPAT-
Ha OyMa C MAKCUMAJHA IbJIKAHA, 8 AKO € BbL3MOKHO OE3KBaIpaTHA
CBPBLXOyMa Hand maneHa a3dyka V. AKo TOBa € HEBH3MOKHO, TO Chb-
maTa 330343 CTOM 33 CHJHO 0Oe3kyOHm wmiam Oe3kyOHM OyMy WA
cepbxaymu. QueBumao ako V e aszbyka camMo OoT emHa OyKBa, TO
BCSAKA AyMa C ObILKWHA MO-TOJAMa OT 2 He e Oe3kyOHa.

3a a3bykure ¢ nBe OYKBU € B CHJIA CJETHATA JIEMA.

Jlema 2.2.1 Humo edna dyma ¢ 06anCUNG No-204aMma 0m 3 Ha0 a36y-
xama V = {a,b} ne e beskeadpamna.

Jloka3zarencTtBo: B V* uma camo mBe nymu ¢ abinguHa 3, KO-
nTO ca Oe3KBaApPaATHU
aba u bab,

TLH KaTO BCHYKM APYTH AyMHU C ILIDKUHA 3 ca: a’, a’b, ba?, b3, ba,
ba? u Te me ca beskBamgpaTau. CbIo Taka, aKO KbM TOPHUTE IyMU
no0aBuM KOs na € OyKBa, Ie IMOJYYUM AyMa, KOATO ChLILPKA €IHA
or mogmymure a’,b?, (ab)? mma (ba)?. O

3a a30yku ¢ mBe OykBu obaue ce OKasBa, ue mpobieMbT 33
cusHO 0Oe3KyOHUTE NyMU WMa peIleHune, a UMEHHO, 4e HAJ BCAKA
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TakaBa a3byka cbholecTByBa cuiHO Oe3kyOHA cBpbxayMma. OT ToBa
TBLDACHUE CJIEABA, Ye Hal TakaBa a30yKa Ie C'bIEeCTBYBA U CUIHO
Oe3kyOHA MyMa C OPOM3BOJHA IbJIKUHA.

Herka V = {a,b} e npoussonna a3byka or ase Gyksu. 3a na
HOCTPOUM CHJIHO 0e3KyOHA CBpBLXAyMa Ham V, me M3MoJ3yBame II0-
paxknanero Ha ¢opmanern esuk L = L(h,a), upe3 xomomopdusma
h : V* — V* 3a koiitro h(a) = ab u h(b) = ba. Ilymure B TO31 €3UK
ca:

wy = h%(a) = a
wy = h(a) = ab
we = h%(a) = abba

W, - ‘h” (a)

XapakTepHO CBOICTBO Ha aymure B e3umka L e, ue Te morar
Ia Ce MOJyYaT PEKyPEHTHO HOCPEICTBOM PABEHCTBOTO

(1) Wil = Wiwj,

KbLIETO, Upe3 T’ € 03HAUeHA MyMaTa, HOJydeHAa OT T, KATO BCUYKA
e B T ca 3ameHeHu ¢ b u obparHo Bcuuku b ca 3amenenu c a. lla
zabenesxum, ue h(z') = (h(z))'.

PasencrBoro (1) me mokaskeM WHIYKTUBHO.

I[Ipu 2 =1 TO e oueBmIHO.

Ila momycuem, de (1) e BApHO 3a ¢ = k U ga ro MOKakeM OpU
1=k+ 1.

Wk414+1 = Wk+2 = h(wk+1) = h(wkw;c) = h(wk)h(w;c) =
= wip1h(wy) = wep1 (h(wg))' = wg 1wy
Ila pa3raemame CBPHLXIyMaTa

a=a b ba baab baababba ...

KaTO MPa3HOTO MACTO MEKIYy OYKBUTE € OCTAaBEHO CaMO 3a I3 CTa-
He ACHO Kble ce mobasda wg. OueBUOHO HAUYAJNOTO HA ¢ OO -TOTO
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Ipa3HO MACTO € AyMaTa w; 1, a MOAAyMaTa Ha & OT {-TOTO IMPA3HO
MSACTO 1O i + 1-BOTO mpa3sHO MJCTO, € mymaTa W, ;.

3a ma mokakeM, dye « € CuiHO Oe3kyOHA CBBPXIAyMa, Ie U3y-
YuM HAKOU OT CBOICTBaTa Ha Q.

Ila BbBemem 3a OyKkBUTE HA (v 1O OOIIOTO O3HAYEHUE O = C1C2...,
K'bJETO ¢; — € WU ¢ UIU b, CbIrIACHO MO-TOPHOTO PABEHCTBO, C KOETO
ce nepmHUpPA Q.

Jlema 2.2.2 Adymume a3, b3, ababa, babab ne ca noddymu na o. Bes-
Ka nNod0yMa T Ha o, 3a Koamo |x| =5 uma 3a noddyma usu a® uau b>.

3 unm b ca OO OIyMU Ha,

3w b3 ca mommy-
Mu HA w;. Ho TOBa € HEBBL3MOKHO, Thbil KaTo w; = h(w;_1) u OykBUTE
HA W; Ce MOJy4YaBaT OT NOUMCBAHETO Ha aymwuTe ab u ba KbM w;_1.
Ia momycuewm, ue ababa e mommyma Ha «, KATO

Jloka3arencTBo: AKo momycHeM, 4e a
Q, TO ChIIECTBYBa MUHUMAJIHO %, ¢ > 1 Taka, 4e a

CjCj+1Cj1+2Cj+3Cj+4 = ababa.

Herka w; € L e TakaBa, ue ababa e monnyma ma w;, T.e. |w;| >
J+4.

Ako j e meuerno, To cbraacao w; = h(w;—1) ot ababab =
h(a)h(a)h(a) monyuaBame, ge a® e mommyma Ha w; 1. AEamormdamo
IpU j-4eTHO ce MOJaydaBa, de b’ e mommyma Ha wj_i, KOETO € IpOo-
tuBopeune. CuaenoBarenno ababa He e mommyma Ha Q.

[To cbmus HaumE ce morasBa, dye babab HE MOke Hma € mOmMIyMa
HA Q.

OueBUIOHO eIUHCTBEHUTE AyMU HAX V ¢ ILIGKAHA 5, KOUTO HE
chbabpEaT HATO 2 HuTo b? ca ababa u babab, u mome:xe Te3u ayMu
HE Ca NOAAYMHU HA « CJeaBa, Ue BCAKA MONAYMa % HA (v, 33 KOATO
|z| =5 cbabpxa kato mommyma a? wrm b 4

Jlema 2.2.3 Axo a® uau b? ca noddymu na o U HA¥AAOMO KA MAKUBE
nodOYMU € Om j-ma NOUUUT 8 &, MO J € UemHo.
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Jloxka3zareactBo: [la monycHem, ue
a? = CjCjt1 WK b = CjCjy1-

Ila m3bepem i ToakoBa roasmo, 4de |w;| > j+ 1. Or w; = h(w;_1)
clenBa, de aKko j € HEYeTHO, TO ¢jcjy1 = h(a) mmm cjcji1 = h(b),
KOeTO e HeBb3MO:kHO. CiieIoBaTeNHO j € UeTHO. O

Teopema 2.2.1 Ceasproymama o e cuako 6e3kyoHa.

JloxkazarenmcrBo: lla momycuem, nporuBaoTo. Heka = e mon-
OyMa Ha @ ¢ MUHUMAJIHA THLILKUHA U ¢ € ThpBaTra OYKBa HA T, TAKA
ue rIc e moIayMa Ha Q.

Cwraacuo Jlema 2.2.2 |z| > 1. Hancrura, ako |z| =1, o z = a
wma z = b. Ot ToBa ciemsa, ue a® miu b3 Guxa OGuiau momEyMu Ha
«a, KoeTo npotuBopeun Ha Jlema 2.2.2.

Ako |z| = 2, To or Jlema 2.2.2 cmemsa, ue zzc = ababa nnu
zzc = babab. Ilak ot Jlema 2.2.2 cnenBa, ye m TO3M ciyuaii e He-
BL3MOKEH.

Cnenosarenno |z| =t > 3.

Ila momycHeM, Ue TIC BJIW3a B (¢ 3aMO0YBAWKU OT j-MO3UINA,
T.€.

(2) TLC = CjCj41...Cj42-
2y b?
2

[Momeske |zxze| > 5, To mo Jlema 2.2.2 cnenmsa, 4e a
e moamyma Ha rzc. Heka mampumep a? e mommyma ma zzc. Ako a

e MOIAYyMa HA £, TO @’ OBA IbTU Ce CLABLPEA B rxc. AKo o’ He e

mOAAyMa HA Z, TO T 3aI0UBA ¥ W3BLPIIBA C @, U CJIEAOBATEIHO a°
IaK Ce CbIbPiKa ABA I'bTU B TIC.

Ot toBa u or Jlema 2.2.3 me moayuwmm, ue t e uerno. Ha-
UCTUHAQ [a JOOYCHEM IPOTUBHOTO M HEKA OI'bLPBOTO BJIM3AHE HA 0,2 B

rxc 3amouBa ot k-ta OykBa HaA «, T.€.
chehyr=a, j<k<j+t—L

Ho Torasa ot Ck+tCk+t+1 = CgCk41 ClenBa, Y€ CrpyiCkit4+1 — a2 3a-
mouBa ot k + t-ta OykBa Ha «, KoeTo mporuBopeun Ha Jlema 2.2.3.
Cuaenosarenno t = 2u > 4.
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Ila pasriemame Hali-HAIpen ciydas, KOrato j B (2) e uerHO.
Ila n3bepem i TonKOBa rossamo, de |w;| > j + 2t, T.e. Taka, 4e
TLC = CjCj41.+-Cjpt--.Cj2t—1C542¢
e monmyma Ha w;. [lomeske w; = h(w;—1), TO crensa, ue
Cj—1Cj = h(a) niam Cj_1C; = h(b),
KaKTO 1
Cjtt—1Cj+t = h(a) mmm cjyi—1c¢j1¢ = h(D)

noue:xke t e yerno. Ot Cj = Cj4t, CHAEOBA 9€ Cj_1 = Cj4¢—1-
CaemoBareHo, 3a BCAKO 1, j—1<n < j+teBcunac, = Cpit-

J
Ia momosxkum [ = =. Torasa, 3a Bcaro r, 0 < r < t,

Cj—142rCjt2r = h(dryq),

Kbaero d,y; € wian ¢ nian b, u d,; e 6ykBa ot w;—1. CaemnoBaTesHo
cj—1wwc e obpasz Ha nommymara didjii...dj1; Ba w;—1 npu h. [lopamm
Cj—1 = Cj_14¢ ClenBa, 4e 3a BCAKO s, 0 <s <u

ds+l = ds+u+l .

Axro momoskuMm y = dydjyq...djyy 1, TO TOraBa aymara Yyd, KbIETO
d = d; e mbpBara OYKBa HA ¥, € HONAYMa HA w; | U CJIEIOBATEIHO
Ha «. [lopamu |y| = u < t mocrturame mo mpormBopeume ¢ u3HO-
pa Ha z. CiuemoBaTesHO B TO3U CAydall IXC HE € mMOLAyMa HA . B
cilyvas, KOTATO j € HeUeTHO MO AHAJOTUYEH HAUUH Ce NOKA3Ba, Ue
OO AayMaTa Ha, W;

CjiCj41.--Cjtt—1Cj4¢.--Cj42t—1Cj42tCj42t4+1 = TXCCj 42441
e ob6pa3 npu h Ha momgymaTa Ha W;_|

didpg1 Ay 1 dppu iyt dipoy = yyd
jg+1

npu | = u d e nbpBara OykBa Ha y. [lomexe |y| = u oTHOBO
[OCTHramMe I0 MPOTUBOpeume ¢ m30opa Ha L, W B TO3WM Ciydall Txc

HE € IMoIIyMa Ha «. g
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[To-mararbk, me mokaske, ye HaM a30yKa ¢ yeTupu OYKBU MO-
’Ke ma ce mocTpom OEe3KBAAPATHA CBLPXAYMa. 3a HeJTa OTHOBO IIe
M3MOJI3YBAME CBLPXAYMATA (@ OT MPEIUITHATA TEOPEMA.

Teopema 2.2.2 Csuecmeysa beskaadpammua cesproyma Haod asdyxa om
wemupu OyKeu.

IMoxa3zarenctso: Heka V) = {[aa],[ab], [ba], [bD]}.
Koucrpympame caenaara cBbpxayma Ham V)

B = didyds...

KaTo
d; = [cicit1], 1=1,2, ...,

KbIETO C;Ciy1 € MOAAYMa Ha (v 3aI0YBAIA OT i-Ta IMO3UNUA B .
Hauasoro ma § m3raexna, Taka

B = [ab][bb][ba][ab][ba][aa][ab]...

Ila monycuem, ue [ He e 0e3KBaIpATHA U HEKA y2 e moIayMa,
Ha (. Ia momoxkum

Y = djridjo-djys = djprp1djpey2.djtar,
3a Haroe t, t > 1. CaenoBaTeano
[cjr1¢j42]lcjracis] - [cjrecjpi] =
= [jrer1cireralleitiracisies][ejpacirart]-
ETo 3amo c¢jy1 = ¢jti41 = Cjy2t41 m3a Beako r, 1 <r < ¢
Cj+r = Cjtr+t-
ToBa 3HauM, ue mymara
Cj+1€Cj42--.Cj4tCj41Cj42...Cj44Cj1 = TIC,

CbC € = Cjy1, € DONLYMA HA (&, KOETO € IPOTUBOPEYNE C IPEIX0JHATA
TeopeMa. O
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3a OKOHYATEJHOTO pemaBaHe Ha mpobiema Ha Tye e Heobxo-
OUMO I3 YCTAHOBUM, Ue CbI[ECTBYBA 0€3KBAAPATHA CBBLPXIYyMa HAI
azbyka ot Tpu OykBu. TyK OTHOBO e M3MOJN3YBAME CBLPXIYMUTE
a1 [ OT IPeaxXOqHUTE NABE TEOPEMU.

Teopema 2.2.3 Cruecmsysa beskeadpammua c8sproyma wad a3dyxae om
mpu 6yKeu.

Jloka3zaremcTBo: [Ipemu ma xoEcTpyumpaMme HEOOXOAUMATA HU
CBBLPXOAyMa, Ia OTOeNeKuM HAKOU OT CBOWCTBATA HA CBLPXIYMATa
B. 3a menra Heka Oa ONPOCTUM O3HAUYEHHETO HA OykBuTe B 3, upes
CJII€EJHUTE ONOJIaraHUA

[aa] =1, [ab] =2, [ba] =3, [bb] = 4.

Torasa mauasoTo Ha aymarta (3, B rasu HOBa a3byka V' = {1,2,3,4}
n3rijaexKaa o CJaenTHUs HaYUH

[ = 243231243123243231232431...

Ot roprOTO mOMarame ciensa, ue caex 1 B ' morar ma 6baaT
camo 1 minm 2. Ako 1 caensa cnen 1, To Torasa [aa][aa] e monmyma
Ha ( U CIIeJOBATENHO aaq = ¢° € MONIyMa Ha (v, KOETO € HeBD3MOK-
vo. Caemosatenno, cien 1 B B moske ma caensa camo 2. OT npyra
crpara 1 B 8/ Moske ma ce mpemmecTByBa €IMHCTBEHO OT 1 mum 3.
KakTo mo-rope ce ycranoBsaBa, ue 1 He MOKe nma npemmecTByBa 1 B
B u caemosaremno 1 moxe ma caemsa B 3 camo cienm 3.

C amHaJoOruuyHM pa3ChLKICHUSA Ce NOKa3Ba, 4de 4 MOKe na ce
npenmectByBa B (3 camo or 2 m ciem 4 MoOke Oa ce MOABABA
camo 3.

Ila pasramename a3bykara Vo = {1,2,3}.

Heka v e cBbpxayma Han Vo, nosydena ot (', KaTo B Hes HAB-
CAKDBbIEe CUMBOILT 4 ce 3amenu ¢ 1. Taka Ha4asmOoTO HA 7Y U3TIEKIA
IO CJIEeNHUA HAYNH:

v = 2132312131232132312321...

[Ile mokasxewm, ue ¥ e Ge3KBaApPATHA CBHLPXAYMA.
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Ila momycuewMm, ue 7y HE e Ge3xBanpaTHa. CiemoBaTeIHO CbHIIEC-
TByBa nyma z € Vi Taka, ue z2 e mommyma ma y u |z| > 1. Torasa
CBIECTBYBAT MOAAYMU Y1 U Yo Ha [ Taka, ue |yi1| = |yo| = |z| =t n
aKo

Y1 =djp1djyo.djte, Y2 = djpep1djpiqo.djiyor,

TO Y1 W Y2 Ce pa3jMvaBaT €BEHTYaJHO caMO B OykBure d; u d;iy
korato Te ca 1 unaum 4. Ako B Tax samenuMm 4 ¢ 1, To y; u yo me
cbBuamgaaT. Ako t = 1, to momesxke 11, 14, 41 u 44 me ca mommymu
ma f3, caensa, ue y; = yo u ot Teopema 2.2.2 mocturame mo t > 2.

Ila moumycuem, Ge3 orpaHmueHre Ha ODIHOCTTA, Ue 33 HAKOE
r,1<r<tescunadj, =1udj, =4

CobraacHo HAIpaBeHUTE HO-TOPE PAa3CHKICHUA CIENBa, dYe
djiry1 = 2 1 djy44041 = 3, KOoeTo e mporusopeune. Cienosarei-
HO 32 BCAKO TAKOBa 7 e € B CUAA djyr = djqiqr.

Axo npuemewm, ue dj; = 1, a dj19¢ = 4, TO TOraBa djii—1 TPAO-
Ba ma e 3, a dj 2 1 Oa e 2, Koero oTHOBO e mporuBopeune. Cieno-
BATEJIHO Y| M Y2 C'bBOANAT, KATO MNOAIyMU B (3, KOETO MpOTUBOPEYN
ma Teopema 2.2.2. U

3amaumn

1. Ila m3MeHEM OIpemeJeHNeTO 3a CUIHO Oe3KyOHa MyMa IO CIe-
HuA HaumH. Jlymara (uaum cBbpXAyMara) ( me HaPpUYAME CHITHO
Ge3kyOHaA, aKO HEe CbIbP:Ka HOAAYMa OT BUAA CIT, KbIETO |z| > 1
U c e mocjenaaTa OykBa Ha x. Ila ce mOKake, ye OIPHU TOBA OIPEHe-
JIeHWE CbIeCTBYBA CUIHO De3KyOHA CBLPXIAyMa HAm a30yKa OT mBe
OyKBH.

2. Herka w = apajag... e cBbpxayma Han azbykara {a,b}, 3a KosaTO

@, akKo OpoAT HA eNUMHUIUTE B
Gp = OBOMYHOTO IPEICTABAHE HA N € YETHO;
b, B ocraHAJUTE CIIydau.

ITa ce mokaske, e w CbBOALA ChC CBBPXAyMaTa (, KOATO CE M3MOJ-
3yBa B Teopema 2.2.1.
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3. Ila mapeuem dsolino Oeskpaiinu TyMUTE OT BUAA
a = ...C_9C_1CpC1C9...

Ila ce HamepsaT mpuMmepu 3a Ge3kBaApaTHU ABOWHO Ge3kpaiiHu nymu
Ha a30yka OoT Tpu OYKBU M mpuUMeEpPU 33 CUIHO Oe3KyOHU HBOWHO
Oeskpaliau nymu HaL a30yka OoT aBe OYKBU.



