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1.5 Kpaiiasu u 0e3kpaliHu MHOKecTBa. VI30pouMu u
Hen30pouMU MHOMKECTBA

Onpenenenue 1.5.1 [lle xassame, ue dse muomcecmsa A u B ca
PABHOMOIIHU ¥ uie nuwem A ~ B, axo csuecmeyea buexmuero 4300-
pancenue f: A — B mencoy maz.

Ot cBoiicTBara Ha OMeKTUBHUTE U300pakeHUEe CIeIBa, Ue pe-
JIANUATA, PABHOMONIHOCT € €KBUBAJEHTHOCT.

IIpumep 1.5.1 Heka ABC e npou3BoJieH TPU'BLI'bIHUK U TOUYKATA P
anexu Bupxy crpanata AB (dur. 1.5.1). Orceurara MN e ycmo-
penHa W paBHA Ha orceukara PB.

Ia pa3raemame ciennuTe aBe m300pasKeHUE MEKIY OTCEUKU

/- MN — PB
1S,

KaTo S e Touka, 3a KoATO QSBN e ycuopenHur u

5, [ AB > MN
2V L>T,

karo T e mpeceuena touka mexny LC u MN.

C
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OueBunno, npu maneau () u L, roukure S u T ¢ mocoueHuTe
CBOMCTBA CLINECTBYBAT U ca enquactBenu. Caemosarenno fi u fo ca
WHEKTUBHU m300pakenus. OT Apyra cTpaHa, 32 BCEKH ABE TOUKU
S u T or orceukure PB u M N cobmectByBat Touku () m L Taka,
ue f1(Q) = S u fo(L) = t, re. f1 u fo ca copexkruBEu U306pa-
JKEHUA U CIeNoBaTeNHO ca OuekTuBHU. CHriacHO mehUHUNUATA 33
PaABHOMOIIHA MHOXKeCTBa, ciensa, ye AB~ MN u MN ~ PB.

OT TpaH3UTUBHOTO CBOWCTBO caensa, yue AB ~ PB. Ot mpy-
ra crpana, koraro P e BLTpemHa Touka 3a AB me caensa, ue PB
e coOCTBeHO MOIMHOKeCcTBO Ha oTceukata AB. CimenoBaTesano OT-
ceukara AB e paBHOMONHA HA CBOE COOCTBEHO MOAMHOMKECTBO —
orceurkara PB.

Hexka f e uzoOpaskenue or A B B u X e npOM3BOIHO MOIMHO-
xectBo Ha A, T.e. X C A. C f(X) me o3HauaBamMe MHOKECTBOTO

f(X)={y € B | cbmecrByBa z € X Taka, ue f(z) =y},

r.e. f(X) e MHO¥KeCTBOTO OT 00pa3WTe HA BCUYKMA E€JIEMEHTU OT
X npu mzobpaskernuero f. 3a TPOU3BOJHO €CTECTBEHO UUCJIO § MPU
B C A nonarawme

FIX) = f(fHX)).

C f/X me osmauaBame mzobpaxkenuero g : X — B, 3a xoero g(z) =
f(z) mpu z € X. Yecro uzobpaskenuero f/X ce mapuua pecmpuryus
(oepanuvenue) Ha f BLPXY MHOKECTBOTO X.

Teopema 1.5.1 (Kanrop-IlIpnonep-Bepumaun) Axo A u B ca
MHONCECNBA, 30 KOUMO CFULLCMBYBAM, UNHEKMUBHU U300DANCEHUT

g:A—B u h:B—A, moA~B.

Iloka3zarenctso: [a pasraename Hail-HAIDEX CIydas, KOTATO
A C B u g(z) =z 3a Bearo x € A. Heka C = B\ A. Ila 3abeue-
KUM, 4de ako i # j, To h'(C)NA (C) = 0. (3amo?) Ila momoxkum



Epatinu u besxpaiinu muoxcecmaa. Habpoumu v weusbpoumu muoxcecmsa 23

Q = U2, h'(C). Torasa, ako P = h(Q), To ciensamure paBeHCTBA
Ca OYEBUIHMU:

Q=h(C)UP wu A(C)NP=0.
Twoit kaTo h € UHEKTUBHO CJenBa, Ye M300paKeHuATa,
h/Q:Q—P wu h/C:C— h(C)

ca Oouekrusau (IIposepere!). Cumemosatemno P ~ Q u C ~ h(C), a
OT FOPHUTE PABEHCTBA MOJYyJIABAME

Q~CUQulCnE=0.

Ha nomoum M = A\ Q u toraBa B = Q U M U C, karo
MnN@=MnC =0. Cera ot

QUM ~CUQUM crmemsa A~ B.

Ila pasraename obmusa caydali u na monosxkum A’ = g(A), karo A’ C
B. Uzo6paxenunero f: B — A’ mepuampano ¢ paBeHCTBOTO

fly) = g1(h(y)), x¥bEETO 91 = g/h(B)

e MHeKTUBHO m3obpaskenue Ha B B A’ u momexke g; e OUEKTUBHO
uzobpaskenue #a, A B A’ or A' C B canempa, ue A~ Au A~ B. O

Ako MHO¥ecTBOTO A Ce CbCTOU OT 1 eJleMeHTa, TO MHOKEeCTBO-
to P(A) or BCcruUKKATE My IOAMHOMKECTBA Ce CbCTOM OT 2" ejleMeHTa.
Tosa o3nauasa, ue A u P(A) me ca paBaomomau. To3u ¢akr e
YaCTeH CJIydail Ha CjemHATa TeopeMa.

Teopema 1.5.2 (Kaurop) Axo A e npouszsoano mmoxmcecmso, mo A
u P(A) ne ca pasHoMou,HU.

Jloxka3zaremcrtBo: [la momycHeM ODPOTHUBHOTO, T.€. Y€ CHIIEC-
TByBa OumekTuBHO m3o0Opaskenue f : A — P(A). 3a mocturame mo
IpOTUBOpEYNE, Na TOIOKUM

X={zecAlzd (o)}
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Twoit kato X € P(A) u f e GuekTUBHO cienBa, Ue CbIecTBYBa a € A
taka, ue f(a) = X. 3a ememenrta a mMa JBE BBHL3MOKHOCTH:

(1) a € X. Or mnepumnnuara a X cuensa, ue a ¢ f(a). Ho
f(a) = X u cnenosarenno a ¢ X, koeto e nporusopeune, r.e. a € X
€ HEB'L3MOKHO;

(i7) a ¢ X. OrrHOBO KaTO B3eme npensun, e X = f(a) cuensa,
ue a ¢ f(a), a or nepunrunuara va X moayduasame, a € X, KoeTo e
OpPOTUBOPEYNE. O

B kpas Ha MUHAJNA ¥ HAYAJIOTO HA HACTOAMUA BEK ~ IMOUTH
u3rpamgeHaTa”’ TeopusA HA MHOKECTBATA NPETHLPISBA HAKOJIKO ' yna-
pa”, KOUTO MOBEXIAT N0 M3MEHEHWUA B MANOCTHATA KAPTUHA OT Pa3-
BUTETO HA MATEMATHUKATa — TOBA Ca PA3JIUYHUTE MAPATOKCU B TEO-
puara. lIbpBusaT mapamgokc B TeopusaTa HA MHOKECTBATA € HAMEDEH
oT HelHuAT cb3mares ['eopr KarTOp, BbhbIpeKn Ue abiaro BpeMe Tou
HE € ¢'bo0ImaBaJj 3a HEro.

ITapamokc ma Kaurop. He cowecmsysa muomcecmao A csc ceotic-
MEomo, e 3a 8CAKO MHONCecm8o B, couecmeyesa unexmuero uzobpa-
acenue Ha B e A.

JloxkazarenmcrBo: Jla momycHeM HPOTUBHOTO W 13 IIOJIOKKAM
B = P(A). CnenoBaresHO CBIECTBYBA HHEKTHMBHO N300paskeHUe
f: P(A) — A. Ot apyra crpana uszoGpasxkernuero g : A — P(A),
oupeneneno ¢ pasenctBoro ¢g(z) = {x} 3a Bcako x € A e uHex-
tuBao. Ot Teopemama na Kanwmop-Illpvodep-Bepruiatin cinensa, ue
A ~ P(A), xoero mporusopeun mHa Teopemama wa Kanmop. O

[TapamokcaaHOTO B TOBA TBBLPAEHUE C€ CHCTOU BBLB (pakTa, e
HE CBLIECTBYBA ~HAW-TONAMO” MHOKECTBO, T.€. MHOKECTBO, B KOe-
TO BCAKO APYTO MHOMKECTBO na Obue BioxkeHo. Or Tyk ciensa, ue
”MHOKECTBOTO OT BCUYKM MHOMKECTBA” BCLIIHOCT HE € MHOKECTBO,
a HAKAKDLB OPYr OOEKT, Thbil KATO B HPOTUBEH CJydail TO Ou OGuio
MHO¥ecTBO A, Koero ma omposeprae [lapadokca na Kanmop.

He mo-manko ”egerren” e u napadoxcom wa Pscen (mo mmero
ma Beprpan Pncen, KOWTO € OTKpUI TO3M mapaoKc).



Epatinu u besxpaiinu muoxcecmaa. Habpoumu v weusbpoumu muoxcecmsa 29

ITapamoxkc wma Pwcen. Ja paseaedame caednomo MHONMCECMEO
A = {B | B e mnomcecmeo u B ¢ B}. 3a A ne e eapro numo eo-
Ho om Qeeme esamoncnu maspoenud A € A uau A ¢ A.

Jloxka3zaremcrTBo: Hamcrura ako A € A, To cwbraacuao ompene-
JIeHWEeTO HAa MHO:KeCTBOTO A ciemnsa, ue A e muOxkecTBO m A ¢ A —
nporusopeune. Ako A ¢ A, TO OTHOBO OT OIpeNEIeHNeTO CJIeABa,
ue ako A e MHOKeCTBO, TO A € A, KOETO e IpoTUBOpEYUNeE. O

lopruTE pa3chbEAeHUA TOKA3BAT, Ue ompenesieHuero Ha A He
e OmpeIesieHre Ha MHOMKECTBO, a A € HAKAKBLB APYT MAaTEeMATUYECKA
00eKT.

[TosBaTa HA mapamOKCUTE MOBEKIA IO PA3TIEKIAHETO HA IO-
HATUETO ~KJIAC’ KATO MbLPBUYHO MOHATHUE.

Ila orbenexum, ye or [lapanokca ma Pbces, Mmoxke na ce us-
Bene [lapanokca ma Kamrop (Kak?).

Onpenenernne 1.5.2 Edno muoxcecmeo ce napuwa G€3KpAMHO, a%0
€ PABHOMOULHO WA C80€e COOCMBEHO NOOMHONCECMEO.

MmuoxkecTBoTO OT TOUKM B orceukara AB or Ilpumep 2.5.1 e
beskpaitno. (3amo?)

IIpumep 1.5.2 Twit kaTo n3obpaKkeHEETO

f‘ ]N—>]N2
1 n—=2n

e OmexkTnBHO mM300paskeHue Ha MHO:xecTBOTO IN B coBcTBeHOTO My
monMHOKeCTBO INg OT UeTHUTE eCTEeCTBEHU Uucia ciensa, ye IN e
Oe3KpaiiHo.

Koraro mBe MHOMXecTBa ca pPaBHOMOIIHM Ce Ka3Ba OIe, dUe
UMAT PABHU MOUHOCTNU.

Muo:kecTBa, KOUTO He ca Oe3KpailHu ce HApUYaAT KpalHi.

IIpumep 1.5.3 Muoxecroro A = {0,1,2} e kpaiino, Tbit KaTo He
CBIIECTBYBa OUeKNnusa MexINy A 1 HETOBO CODCTBEHO MOIMHOKECTBO.

[Ipu kpaliEUTEe MEHOKECTBA, OPOAT HA TEXHUTE €JIEMEHTHU Ipe-
CTaBJABA TAXHATA MONIHOCT. 33 MOLNIHOCTTA HA HAIEHO MHOKECTBO
A ce usnonsysa o3zHaueHueTo |A|.
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Onpenenenne 1.5.3 Edno mHuoxcecmeo e m3dbpoumo (HOMEpUpy-
eMo0), aKo e pasHoMOuHo wa mMuoxacecmeomo N wa ecmecmeenume
YUCAG UAYU € KPATHO.

B wu3Bectren cmwmcba Oe3kpalinnTe m30pomMu MHOKECTBA Ca
” Hali-MaJKuTe” OT BCUUYKM O€3KpaliHM MHOKECTBA. 10Ba € CbIbp-
’KaHMETO Ha CJeIBAlIaTa TeopeMa.

Teopema 1.5.3 Besko 6e3xpaiino MmHoacecmao cs0spaca 6e3xpatino us-
bpOUMO NOOMHONCECTNEO.

Jora3zarencTBo: Heka A e mpousBosro Ge3kpailHO MHOMKECT-
Bo. /la B3eMeM enuH MPOU3BOJIEH €JIeMEHT OT A 1 ma ro o3HaduM C
a1. Toit kato A e Gesrpalino, To B A uMa ejleMeHTU, PA3JIUYHN OT
a1. Ha nzbepeMm equu OT TAX 1 O3 I'O 03HAYUM C a. OTHOBO, mopaau
OeskpalimocTTa Ha A ciensa, ye A uMa eJIeMEHTH, PA3JIMUYHU OT Qq
u ay. O3magaBame equa OT TAX C a3z 1 T.H. MHBOoxkecTBOTO A ¢ Oe3sK-
pafiHo, KOeTO ce rapaHTUpa OT HEOTPAHUYEHOTO HPONLIKABAHE HA
TO3U MPOIEC Ha W300p HA PA3NUYHA TOMERKIY CU eJieMeHTH oT A.
Taka moayuyaBamMe MHOKECTBOTO

B ={ai,a9,as,...} C A.

OueBnaHEO M300paAKEHUETO

f B—N
' a;—~>1—1
e buekruBHO. CruenoBarenno B e u3zbpoumo. U

B cuna e u cnemgBamara reopema, KOATO XapaKTepuU3upa MO I-
MHOKECTBATa Ha n3DpouMuUTE MHOKECTBA.

Teopema 1.5.4 Axo muoacecmaomo A e usbpoumo u B e nezo080 noo-
MHOACecmeo, mo B e usbpoumo. U

Tsit kaTo 6e3kpalinnTe 30POUMU MHOKECTBA, CA PABHOMOIIHNA
Ha IN, wecTo ce ka3Ba ue Te UMAT € AHAKBA MOIMHOCT C MOIMHOCTTA HA
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MHOKECTBOTO Ha ecrecTBeHnTe dyncia IN. 3a 03HAUEHME MOITHOCTTA
Ha MHOMkecTBOTO N, ce m3momsysa cumBoabT Ny (aned myna), T.e.
IN| = Ng.

Ot npemumHaTa TEOpEMa CJEOBa, Y€ CEYEHUETO Ha n3bpoumMu
MHOKECTBa € u30pOMMO MHOKECTBO.

CnenBamara TeopeMa yCTAaHOBABA, 4Ye CBOWCTBOTO mu3bpou-
MOCT € ”yCcToiumBo”’, B M3BECTEH CMUCDHJI W OTHOCHO ONEPAIUATA
obenuHeHUE.

Teopema 1.5.5 Obedunenuemo Ha u3bpoumMo MH020 UDPOUMU MHO-
acecmaa e usbpoumo MHOACECMEO.

Jloka3zaremcrtBo: Jla orbeaexkum, ue m3OGpoOMMO MHOTO MHO-
JKeCTBa, 03HAUYABA, Y€ TE3M MHOMKECTBA MOraT I3 0baaT HOMEpupa-
mu. Heka mmo:xkecrBaTa Aq, As,... ca uzbpouMu u

A = {G11,a12,0137 }

Ay = {G21,a22,0237 }

Az = {a31,a32,a33, ...}
An = {anlaan2aan3a }

Be3 cbmecTBeHo orpaHuyvenre Ha OOIHOCTTA, A MPeNIOJIOKAM, de
AiNAj =0 opu i #j.

Ila pasramename uzobpaxenuero f : |JA; — N, mepurupano
upe3 cxemara Ha Pur. 1.5.2 mnnm f(a11) =0, f(a2) =1, f(a21) = 2,
flas1) = 3, f(az2) =4, f(a13) =5 nm r.H. V300mo nwkeiiku ce 1o
CTPEJIKATE, 3arpaskaaMe TOPHUA JIAB 'bI'bJ HA Ta3W ~ Tabauma’ u Ha
BCEKN €JIeMEHT (j; CLHOCTABIME HOCJIENOBATENHO IO €IHO eCTeCT-
BEHO YMCJIO.

Bmxna ce, 9e IO TO3M HAYMH HA BCAKO Gfj e ODbae CHIOC-
TABEHO TOYHO €IHO €CTECTBEHO UUCJIO W BCAKO €CTECTBEHO UMCIO €
06pa3 ma TOo4HO exHo ap; oT |JA;. Crenosarenno |JA; e uzbpommo
MHOKECTBO. U
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a1 ——— G12 a3 —— 14

an — 7

l a22 a23

Cl31/ a32

a4

$ur. 1.5.2

(Kak me ce m3mMeHM MOKa3aTEICTBOTO B OOmUA Cirydaii?)
CrnencrBue 1 Mroxcecmeomo Ha PAUUORAAHUME YUCAG € UDPOUMO.

BeprocTTa Ha TOBa TBLPIEHUE CIEABA OT (PAKTa, Y€ MHOMKEC-
rBoTO () HA panmMOHAJJHMATE YMCJA, MOKE A Ce MPencTaBu KaTo 0be-
muuerne |JQ; or mEOkecTBata @, KOUTO Ce CHTOAT OT BCUYKMU He-
CbEpaTUMU Opo0U C'hLC 3HAMEHATEJ 4, 1 > 0.

N3bpouMure MHOKECTBA Ca OCHOBHM OOEKTH B MUCKPETHATA
MaTeMaTuKa. JecTo Te ce HapUYaT AUCKPETHU MHOMKECTBA.

Ila ce ybemum, de CbIIECTBYBAT MHOMKECTBA, KOUTO HE Ca MU3-
opomvu. TakuBa MHOKECTBA Ce HAPUYAT HEUIDPOUMU (HENPEKGCHA-

Teopema 1.5.6 Cruecmeysam HeuzdpouMu MHONCECTNEA.

Jloxka3zarTescTsBo: /la pa3rienaMme MHOKECTBOTO OT PEAJHU YUC-
aa B naTepBata [0,1), T.e. MHOKETBOTO

A={zeR|0<z <1}

IoxrasaremctBoro, ue A He e m3Opommo, Ie HANPABUM Upe3
Taka HaPedeHUuA OuG2ZonaAeH NPuHyun mam memood wa Kanmop.

Ia monycuem, ue A e uzbpoumo. CiienoBaTEIHO €JIEMEHTUTE
My MOTaT ma 0'bIaT HOMEpPHUpAHW, T.€.

A= {0[1, a9, 3, }
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Ia 3abene:xnuM, 4ye BCUYKM YMCJa OT A MOTaT Oa ce mpencTa-
BAT, KaTo Oe3kpaiina mecerwuna apob ¢ HyIeBa mAa YacCT, T.€.

a; = 0,a11a12a13...

o = 0, a2109220923...
ay =0, a,10,20n3- -

KbLAETO a;; ca umciaa, 3a kouro 0 < a;; < 9. Ilomexe pasriesx-
IJAHOTO MHOMKECTBO HO MOMyCKaHe € m3OpomMo, BCEKU eJIeMEeHT OT
Hero ce cpema B Ta3u pemuna. Jla pasriemaMe peasiHOTO UYHCIIO
b= 0, blbgbg..., KbIOeTro
(1) by = { a;i +1, ako a;; <8, .

0, aKo a; > 8, 3a1=1,2,...

OueBnmao 0 < b < 1. Ho uucaoTo b He ce cpema B peaunaTa
a1, ao, ... Hauctuna, ma npeamososxkum, dye b = oy 3a HAKOE €CTECT-
BeHo k. CienoBarenno, BCUYKA (B 4acTHOCT U k-Tute) mudpu HA b
U (y e CbBOAIAT, T.e. by = Qig.

Tosa mporuBopeun Ha uzbopa Ha mudpure Ha b, Upe3 paBeH-
creara (1). CnemoBarenno b # ai, 3a Bcako ecrectseno k. [Tomexe
b € [0,1) caensa, ue momyckaHeTo HU He e BApHO, T.e. [0,1) HE e
n30pOMMO MHOKECTBO. O

Momuocrra Ha MHEO:KeCTBOTO A OoT Teopema 2.5.6 ce Gemexn
c N; (ame¢ emnHO) U Ce HAPUYA MOUWHOCT NG KOHMUNRYYMA.
Moxe ma ce mokaske, ue |R| = N;.

SBanmaumn
1. Ha ce nokaxke, ue ako |A| =n, n-ecrecrseno, to |P(A)| =2".

2. Heka A n B ca mse kpaliau MHOKecTBa. Jla ce moka:ke, ye OpoAT
Ha m30bpaxennara va A B B e |B|I4.
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3. Ila ce mokake, 4e akO €qHO MHOKeCTBO A uMma Oe3KpaiiHO mOaM-
HO:KECTBO, To n A e Ge3kpaiino.

4. Ila ce mora:xke, uye ako A e u3bpoumo, To A X A e uzdbpoumo.

5. Ila ce mokaske, ue ako A u B ca Kpailinu mHEO:KecTBa, T0 AU B n
AN B ca KpailHu MHOKECTBA.

6. Ila ce moraxke, we (A X B) x C ~ A x B x C 3a Bceku Tpm
muoxkectsa A, B,C.



